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Abstract

The Milnor fiber of a holomorphic function defining an isolated singularity
can be understood by perturbing the function slightly to one with only
Morse critical points. For an arbitrary-dimensional singularity, pertur-
bation is no longer guaranteed to preserve the Milnor fiber, making an
analogous approach dificult. We present a new algebraic condition — the
flatness of the critical locus over the parameter space — under which this
problem does not arise, giving a new avenue for Milnor fiber computa-
tions.

Background and Motivation

Milnor proved in [Mil68| that, if f defines an isolated singularity at the
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origin, then Ffz\/MfS , where i := dimg o\
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This is to say that the homotopy type of the Milnor fiber is determined
entirely by the critical locus of f, provided we endow it with the nonre-

duced structure given by the Jacobian ideal J; := (%, e %) . This
naturally leads us to ask:

Question What does the critical locus of f (with the non-reduced struc-
ture given by J f) tell us about IF ¢ in the non-isolated case?

Main Result

Theorem (H.) Let F : (C"1xC¥ 0x0) — (C,0) be a germ of a family

of holomorphic functions. Suppose the critical loci of the functions
OF OF

in the family, as given by Jpy, = (5’_5130’ ce ’G_xn)’ are flat over
(C*,0) away from 0 x 0 on (C"* x 0,0 x 0). Then
F x7:(B: x By)NF~Y(Ds) = D5 x B,

is a fibration away from the discriminant for 7 : (C"F1xC%, 0x0) —
(C",0) the projection and 1 > ¢ > §,v > 0.

This tells us that the scheme-theoretic consistency of the critical loci im-
plies consistency of the smooth fibers.

An Example Deformation

Let f(x,y,2) = 2+ zy*z. Then F(x,y,2,t) = (° + y°z — 5t%)(z — t)
deforms the critical locus flatly, splitting oftf two Do singularities:

~

We can then find that Hy(F f) = Z, Hy(Fp) = 793 and all other ho-
mology groups are zero.

Homogeneous Polynomials

For homogeneous polynomials, the situation is particularly nice:

| (n+d)_1
Corollary (H.) Fixn > 0 and d > 1, and let H,, 4 = P\ n be the

space of nonzero degree-d homogeneous polynomials in xq, ..., Tn
up to scaling. Let C), 4 C P" x H,, ; be the projective vanish-
ing of the corresponding universal Jacobian ideal J, ; given by
the partial derivatives with respect to the x; of the universal polyno-
mial } ) ,|—¢ @aZ”. Then the flattening stratification of the natural
projective morphism C;, ¢ — H,, 4 1s such that the diffeomorphism
types of the (affine) Milnor fibers of the polynomials corresponding
to points ot Hy, j are constant along each stratum, as are the mon-
odromy diffeomorphisms.

Here “flattening stratification” is meant in the sense of |Gro62; Fan+-05].

Toy Example: Conics

n(n+3)
Let a;;,0 <1 < j < n be the coordinates of H;, o = 2, so that the
universal polynomial is given by Zogig j<n QijTiT;. Then the Corollary
tells us that the polynomials’ smooth fibers and monodromies are locally
constant along the rank-r locus of the matrix

2a00 apr - Qop
ap] 2a11 -+ Qlp

agp Glp o 20pn

in Hp, 9 for each 1 < r <n.

Harder Example: Plane Cubics

Let ag, a1, a2, bo1, bg2, 10, b192, bog, bo1, ¢ be the coordinates of ngg = Pg,
so that the universal polynomial is given by agz> 4+ a1y> +asz? + by 22y +
boox?z + b1y’ + b1ay’z + bogz2x + by 2%y + cayz. Then, using results
from [Gro62; Fan—+05|, the polynomials” smooth fibers and monodromies
are locally constant along the strata of the stratification induced by all
the Fitting ideals of the Clag, a1, a9, by1, bg2, 1o, b12, b2g, ba1, c]-modules

(z,y, 2) N T

JQ,S M (ZC, Y, z>N+i + (337 Y, Z)N+i+1

for N > 0and 0 < < 2.
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