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1. (Question 4, Winter 2015) Prove that the special linear group

SL(n) = {M ∈ Mn×n, detM = 1}

is a Lie group; that is, it is a manifold and the map

(M,N) → MN−1

is smooth.

2. (Question 4, Summer 2021) Let O(n) = {A ∈ Mn×n(R) | AAT = In}.
Show that O(n) is a compact manifold.

3. (Not a qual question) Compute the Lie algebras of GLn(R), SLn(R),
On(R), SOn(R), and/or Spn(R).

4. (Question 4, Summer 2020) Let V be an n-dimensional real vector
space. Let ei be a basis on V and let ei be the dual basis. Define

φ =
n∑

i,j,k=1

φijke
i ⊗ ej ⊗ ek

as a tensor in V ∗ ⊗ V ∗ ⊗ V ∗. Define G as the group

G = {g ∈ GL(n,R) = Aut(V ) : g∗φ = φ}.

What is the Lie algebra corresponding to G?
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